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Abstract

In this paper, we studied the self centered property of intuitionistic fuzzy graph structure. It is shown that
every complete intuitionistic fuzzy graph structure is self centered but converse is not true. We also derived a
necessary and sufficient condition for the intuitionistic fuzzy graph structure to be self centered. An embedding of

the center of intuitionistic fuzzy graph structure into a connected self centered intuitionistic fuzzy graph structure

is established.
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1. Introduction:
The notion of self centered graph was primarily studied by Buckley in [3] and that of almost self

centered graph was studied by Klavzar, Narayankar and Walikar in [9]. The set of vertices with minimum
eccentricity is termed as a center of a graph. The center of a graph is one of the central concepts in location
theory. A graph in which any of its vertices is central is called a centered graph. So graphs in which all vertices are

central are called self-centered (SC) graphs. The intuitionistic fuzzification of the concept of self centered graph is
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studied by Karunambigai and Kalaivani in [5]. The notion of intuitionistic fuzzy graph structure (IFGS) is defined and
discussed by the authors in [6]. Some elementary operations on IFGSs are discussed in [7]. In this paper, we study
the self-centered property of IFGS. The terms like B;-length, B;- radius, B;- diameter etc. in IFGS are introduced.
Some results on self centeredness in IFGS are also obtained. Embedding of a self centered IFGS is studied. It is

shown that center of IFGS can be embedded into connected self centered IFGS.

2. Preliminaries: In this section, we review some definitions that are necessary in this paper and these are mainly
taken from [2], [5], [6] and [8].

Definition (2.1): A simple graph G = (V, E) is a pair of vertex set (V) and an edge set (E) where ECcV xV i.e., Eisa
relation on V.

Definition (2.2): The eccentricity eg(v) or e(v) of a vertex v in a graph G is the distance to a farthest vertex from v.
i.e., eg(v) = max{dg(u, v) : YV u eV} and the set { eg(v) : V v eVlis called the eccentric set of G.

Definition (2.3): The radius r(G) of G and the diameter d(G) of G are the minimum and the maximum eccentricity,
respectively. i.e., r(G) = min{ eg(v) : Vv eV} and d(G) =max{eg(v) : Vv eV}.

Definition (2.4): The center C(G) of a graph G is the set of vertices with minimum eccentricity i.e., the set C(G) ={ v
eV : eg(v)=r(G) }.

Definition (2.5): A graph G is self centered if all its vertices lie in the center C(G). Thus, the eccentric set of a self-
centered graph contains only one element, that is, all the vertices have the same eccentricity.

i=1
R1, Ry, e , Ry on V; which are mutually disjoint such that each R;,i=1, 2, ...., k is symmetric and irreflexive.

3. Self Center Property of Intuitionistic Fuzzy Graph Structure:

Definition (3.1): G = (A, By, B,,......, By) is an intuitionistic fuzzy graph structure (IFGS) of a graph structure G = (V,
Ry, Ry,..., Ry) if

s (UV) <P, (U)ARL () and vy GV)<v,U) vy, @) VYuveVandi=1,2, ..,k
where A is an intuitionistic fuzzy subset (IFS) on V and By, B,,..., By are intuitionistic fuzzy relations (IFR) on V which
are mutually disjoint, symmetric and irreflexive .
Note (3.2): G = (A, By, B,,...,B,) will represent an intuitionistic fuzzy graph structure with respect to graph structure

G =(V, Ry, Ry,..., Ry) throughout this paper.
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Definition (3.3): Let G= (A, By, By,...,By) be a B;-connected IFGS then B, -length of the Path P : vy,v,,....... NV, in G

is denoted by 1, (P) = (|HBi P, I, (p)) where L., (P) and 1. (P)

are defined as 1, (P) and I, (P)=
Z]; /LlB (VJ ’VJ+1) : Z3|;‘/B (V] ’Vj+l)

Definition (3.4): Let G be a Bi-connected IFGS then Bj-distance between two vertices u and v is denoted by

og (u,v) =(5 (u,v), 5 (u V))where 5 (u,v) and 5 (u v) are defined as
5ﬂ5i (u,v) =min{lﬂBi (P): Y u-—v path P} and 5VBi (u,v) = max{lvBi (P):V u—v path P}.

Definition (3.5): Let G be a connected IFGS then distance between vertices u and v is denoted by 8(u,v) and is

defined as
5(u,v)=(min{5yBi (UV): i=123,...K}, max{s, (uv): i=123,.... ,k}).

Definition (3.6): Let G be a Bi-connected IFGS then, B~ eccentricity of a vertex ue V is denoted by €y (u) = (eﬂ

Bj

(u), €, (u))where € (u) and €, (u) are defined as
Bj :uBi VBi

€., (u)=max{5yEsi (u,v):VVGV,v;tu} and eVBi(u):min{@&(u,v):VVEV,v;z:u}.

Definition(3.7): The eccentricity of a vertex u in IFGS G is denoted by e@(u) and is defined as
e@(u)=(min{eyBi (u):i=1,2,3,....., k}, max{evBi (u):i=1,2,3,....., k}).

(G), 1 (G)) where

Vg

Definition (3.8): Let G be a Bi-connected IFGS then B;-radius of G is denoted by Iy (G)=(r

Hs;

r”Bi (G) and rVBi (G) are defined as

Y”B' (G) =min{e#B. (u):Yuev} and I’VB' (G) =min{ eVB‘ (u) :Yuevl

Definition (3.9): Let G be a connected IFGS then radius of G is denoted by r(G) and is defined as r(G ) (max {

rﬂBi (G):i= 1,2,3,...., k}, min{YVBi (G):i=1,2,3,..., k}).

Definition (3.10): Let G be a B-connected IFGS then B diameter of G is denoted by dB. (G) = (d”B_ (u), deA (u)

where d (u) and d (u) are defined as
T VB
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d, (G)=max{e, (u):YueV}iandd, (G)=max{g, (u) :VueV}

Definition (3.11): Let G be a connected IFGS then diameter of G is denoted by d(ﬁ) and is defined as d (5) =

Example (3.12): Consider an IFGS G = (A, By, By, B3) such that V ={vy, v,, v3, va}be a vertex set.

Let Ry={(v1, va), (v1,V2), (v3, Va)}, Ro={ (v2, v3)}, R3={(vy, v2)}

(1/8:1/3) v (1/4,1/6)

V4 (1/7,1/3)

(1/4,1/6) (1/4,1/5)

(1/7,1/4)

VI (1/3,1/4) (1/4.1/5) V2 (1/2,1/5)

Here in this example, we can find that r (G) = (4, 5), d(G) = (4, 5), € (V) =(4,5 VwEV.

Definition (3.13): A vertex u € V is called B; - central vertex of a B; -connected IFGS if o (é) =€y (u)-
Definition (3.14): A vertex u € V is called a central vertex of a connected IFGS G if I’(G) =€ (u) .The
set of all central vertices of a connected IFGS G is denoted by C((?).

Definition (3.15): An intuitionistic fuzzy subgraph structure H = (A4, Cy, Cy,...,C) of an IFGS G = (A, By, B,,...,By)

induced by the central vertices C(G~) is denoted by < C (5) > and is called the Center of G.
Definition (3.16): A connected IFGS G is self centered if every vertex of G is a central vertex of G i.e., r(@) =

€ (U) ¥ u € V. In other words G is self centered if C(G)=V.
In the example (3.12), r (5) = € (Vk) =(4,5) fork=1,2,3,4. Therefore G is self centered.

Definition (3.17): An IFGS G = (A,B1,B,,...,B)) of G* = (V,Ry,Ry....... ,R) is said to be complete if

s (U, V) =, (U) AL (V) and vy (U, V) =v,(U) vva(V) YuveEV andi=1,2,3,.. k.

Theorem (3.18): Every complete IFGS G is self centered and I (G) =

e where p, (u) is the leastand I (G

#4,(U) i

) = 1 where v, (u) isthe greatest.
va(U)

Proof: Given G is complete intuitionistic fuzzy graph structure (CIFGS).
To prove G is self centered. i.e. To prove every vertex is a central vertex.

For this, we claim that Gisa B- self central intuitionistic fuzzy graph structure and
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(5) = 1 where g, (u) is the least and I (5) = 1 where v, (u) isthe greatest.

ua(U) " v, (u)

Now fix a vertex u €V such that 4, (u) is the least membership value and v, (u) is the greatest vertex membership

of r.

Case | - Consider all u-v path P of length (i.e. no. of edges) nin G VveV.

Subcase (i): If n=1, Iu (P) = 1( ) and | (P) = t ;-
Bj /uA u Bj VA u

Subcase (ii): If n>1, then one of the edges of P possesses the y, -strength of Uy (u),

1

sothat | (P)> 1 ie, & (uu)=min(l, (P}= Yvev. e (1)
B /JA(U) B B /JA(U)
Also one of the edges of P have v, -strength of v, (u), so that | (P)> 1
i ‘uBi
/JA(U)
e, O, (wy=mnl (Pp= 1 vvev. @)
fi f /JA(U)

Casell: - Letw=u eV.

Consider all w-v path Q of |, -length in G VveV.
Subcase (i): If n=1, p, (w,v)= :UA(W) A ,UA(U) > ,UA(U) ( because ,UA(U) is the least)

1 < 1

Hp, (w,v) - Ha (u)

IﬂBi Q) =

Also vy (w,v)=v, (W) vy, (u)<v, (u) (because v, (u) is the greatest)

L @=—1 >_1
5 Vg, (w,v) v, (u)
Subcase (ii): If n=2, 1 + 1 < 1 + 1 = 2 (since ,UA(U) is the least)
Mg (w, t) He, (t V) aa(u) m () m,(u)
L, @ 2
' ua(U)
Also, |VB_ (Q) = 1 + 1 > 1 + 1 = 2 (since v, (u) is the greatest)
i Ve (W t) vy (6 V) vy (u) vy (u) vy(u)
|, @z 2
K va(U)
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Subcase (iii): If n>2, then Iu (Q) < n (since ,UA(“) is the least)
o /JA(U)
e 8, ww=mnil (aps -1 vuev. = (3)
ST
Also |V (Q) = n (since v, (u)is the greatest)
B v,(U)
ie. 8 wv=mn{l (ap> -1 vuev ()
AT
< from (1) and (3), €, (U)=max{5ﬂ (wv)} = 1 YueV. - (5)
T )
And from (2)and (4), &, (u)=max {5, (UW}= —1_ VueV (6)
ST

= ( is a B self central intuitionistic fuzzy graph structure.

Now, I (&) =min{€ (u)}= 1 (by equation (3))
/UBi :uBi
Ha(u
rﬂ _ (5) =1 where ,UA(U) is the least.
o ua(U)
Also I (G) =min{€, (u)}= 1 (by equation (6))
Bi Bi v,(u
n‘.’?) -1 where v, (u)is the greatest.

Vg

! va(U)
.. from (5) and (6), every vertex of G is a central vertex.
Hence G is a self centered intuitionistic fuzzy graph structure.

Corollary (3.19): Every complete intuitionistic fuzzy graph structure G is self centered and

r((?) = (L, 1 ] where ,UA(U) is the least and vV, (u) isthe greatest.
() v, (u)

Proof: r(G)=(min{ M (G)i=123........ , K, min (T, (G):i= 1,23 ........ ,k})

r(ﬁ):( 1 , 1 j (since ,UA(U) is the least and Vy (u) isthe greatest)
() v, (u)

Remark (3.20): Converse of the above theorem is not true.

Example (3.21): Consider intuitionistic fuzzy graph structure G = (A, By, By, B3) such that
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V ={ vy, vy, V3, V4} is a vertex set.

w{(1/5.1/3) (1/6,1/4) V2 (1/5,1/5)
(1/5,1/8) s
Vi (Ua.14) vs (1/3,1/6)

Here r(G) =e(v) Yv,eV.j=1,234

. G is self centered, but G is not complete intuitionistic fuzzy graph structure.

Definition (3.22): Let G be an IFGS then Uy - strength (or vy, -strength) of the paths connecting two vertices u,v is
defined as max{Sﬂ Hor max{SV }) and is denoted by g, ~(u, v) (or v, ~(u, v)).
B B ' '

Definition (3.23): The strength of the paths connecting two vertices u, v is defined as max { S, } & is denoted by p”

(u, v).

Note(3.24): If the same edge posses both the Ug -strength and Vg -strength values then it is the strength of the
strongest path P and is denoted as SB, = (luBi“’ (u'v)'VBiw (u,v)) foralli=1,2,3 ........ , k.

Theorem (3.25): If G is then for atleast one edge, U “(u, v) = U (u, v) and Ve “(u,v) =Vg (u, v).
Proof: Given G is a complete intuitionistic fuzzy graph structure.

Consider a vertex u with membership value Uy (u) and non-membership value v, (u)

Casel: Let ,UA(U) be the least and v, (u) the greatest V u eV.

Let u, veV then (1 (u, v),vg (U, V) = (g, (u), v, (u) ) and (4g “(u,v), Vg “(u,v) = (u,(u), v, (u)).
The strength of all the edges which are incident on the vertex u is (,UA (u), vy (u)).

Caselll: Let ,UA(U) be the least andy, (w) the greatest whereu zw

g (ww), vy (W) = (g1, (0), v, (W) ).

Since G is complete IFGS, therefore there will be an edge between u and w

oty (uw)= g (u) and v T (uw) =y, (W)

Lemma (3.26): An intuitionistic fuzzy graph structure G is self centered if and only if I’ﬂB (5) = d”B_ (5) and

r (6 =d, (G) ieifandonlyif 5 (6) = dﬂ_ (@).

Proof: It follows from the above definitions.
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Lemma (3.27): AnIFGS G is self centered if and onlyif r (G) =d(G).
In example (3.21), r(G) = d(G) Vv,eV.j=1,223,4 .. Gisself centered,
Theorem (3.28): (Embedding Theorem): Let H = (A, B'y, B',,...,B'x) be a connected, B;-self centered intuitionistic

fuzzy graph structure then there exists a connected intuitionistic fuzzy graph structure G such that < C (G) > is

isomorphicto H.Alsod (6)=2r (G) andd_ (G)=2T1 (G).
:uBi luBi VBi Vg

Proof: Given H is connected B; -self centered intuitionistic fuzzy graph structure.
letd (H)=pandd (H)=q.
:uBi VBi

Then construct & = (A,B4,B,,....,By) from “H as follows:

Take two vertices u,v € V with ,UA(”) = Uy v)=— ,v,(u)= vV, (v) = — and join all the vertices of H to both u
p

& v with Hg (u, w) = Uy (v, w) = %, Ve, (u, w) = Vg (v, w) = l VwevV.

Put 4, = :UA' PV, T VA’ for all verticesin H and Mg = g s vg=vy' foralledgesinrﬁ
Claim that G is a IFGS.

First note that ,UA(U)S Uy (w) vwe H.

If possible, let Uy (u) > Uy (w) for atleast one vertex w € rﬁ,

1 < 1

Hp (w) - Hp, (u,w)

Then > 4,(u) = p<
p

= the last inequality holds for every w €V’ (since ‘Hisa IFGS)
= # >p Vwe "H which contradicts that dﬂ _ (rﬁ) =p
Hp, (u,w) f

S g (u) _<,uBi (w) YweV.

1
And Ug (u, w) <min {,UA(”)' ,UA(W)}z 6 VweV
Similarly Ve, (u, w) <min {VA (u), Va w)l=—VweV

Note that v, (u) <v, (W), v, <v, (W) VweV(asd, (H)=q)
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Ve (1 w) S maxty, (u),v, (= .

Thus G is an IFGS.

Also eﬂBi (wy=p YwevV, e/fs (u)—e (V - + =2p

i T ug
. r"Bi (6)=pand dﬂBi (6) = 2p.

Similarly, evBi (wy=qgq VwevV, €, (u)=e (V)=———=2q

- (G)=qand d,_ (G)=2q
Bj Bj
— < C(G) > is isomorphic to H.
The following example shows that < C(@) > is isomorphic to H and also

dﬂBi (G)=2 rﬂBi (G) ,and dvBi (G)=2 rvBi (G).

Theorem (3.29): The necessary and sufficient condition for an IFGS G to be self centered is that 55 (uv) < rB. (&)
i i

Y uve V.
Proof: Necessary Condition: Let G be self centered IFGS.

i.e. €5 (u)=€3 (v) V uyve Vand rB. (G) =€ (u) VYuev.
Now to prove that 58. (uv) < rB. (L’?) Vuveyv ----(1)

This is possible only when eB (u) = rB. (G") V uveVv.
i i

Since G is self centered intuitionistic fuzzy graph structure, the above inequality becomes

55_ (uv) < rB. (l‘.’?).

Sufficient Condition: Given 5B (u,v) SrB_ (:f?") Y uve\V.
i i

To prove G is a self centered intuitionistic fuzzy graph structure.

Suppose G is not self centered intuitionistic fuzzy graph structure.
E eBi (u)# rBi (G) forsomeu€ V.

Assume that eB (u) is the least value among all other eccentricity.
i
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e fg (G) =8 (1) VUEV -(2) where €y (u)<8y (v) forsomeuyve V.
and 5Bi (uv) = (:,‘Bi (v) > eBi (u) forsomeu,veE V.

= 5Bi (uv) > 8 (u) forsomeuve V.

= 58‘ (uv) > rBi (u) for some u,v € V (by using (2))

which is a contradiction to the fact that 58 (uv) < rB. (G)V uveE V.
i i
= Our supposition is wrong.

G is a self centered intuitionistic fuzzy graph structure.

Definition (3.30): An IFGS G is said to be bipartite if vertex set V can be partitioned into two non - empty sets U,

and U, such that

(i) 4ty (u,v)=0 and v, (u,v) =0 if u,velU; oruvel,
(i) pg (u,v) >0and v, (u,v)>0if u eUsor ve U,

Or

(i) ttg (u,v)=0 and v, (u,v)>0 if uel; or vel,
(i) pg (u,v)>0and v, (u,v)=0if u eUsor vel,

Definition (3.31): A bipartite IFGS G is said to be complete if u, (u,v)=p, (U)A u,(v) and v, (u,v)=v, (u) vv,

(v), YVueU,& velU, andi= 1,23,....k Itisdenoted by KU1'U2

Theorem (3.32): Let & be an intuitionistic fuzzy graph structure. IfGis a complete bipartite intuitionistic fuzzy
graph structure then complement of G is a self centered intuitionistic fuzzy graph structure.

Proof: A bipartite intuitionistic fuzzy graph structure G= (A, By,B,,...,By) is said to be complete if Hg, (u,v) = Uy (u)
A ou, (v), Vg (u,v) = vA(U)V VA(V) VueU, & velU, andi= 1,2,3,.....k

And ﬂA(u,v)=O, vA(U,V)=0 YuveU;or uved, (1)

Now flg (4, v) = g, (u) A g, V)t (6,Y), Vg ()= v, () v, (v)- vy (V) —(2)

By using eq(), 2z, (uv) =y, (WA 1, V), v (V) =v, () vy, (V) ¥ uv € Us or uv e Uy — (3)
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Hence from eq, (1), (2), (3), the complement of G has two components and each component is complete
intuitionistic fuzzy graph structure which is a self centered intuitionistic fuzzy graph structure by theorem (3.22).
Hence the result is proved.
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